This paper considers the problem of continuous investment of capital in risky assets over time. Using a Bayesian framework, a model for asset prices is developed where the current price dynamics depend on the history of realized prices. A dynamic Bayesian fractional Kelly strategy, where the investor rebalances the portfolio based on the performance to date, is shown to be optimal assuming that the risky assets are jointly lognormally distributed. The strategy minimizes the expected time to reach a wealth goal while maintaining a high probability of reaching that goal before falling to a subsistence level of wealth.
1-INTRODUCTION
In capital accumulation under uncertainty, a decision-maker must determine how much capital to invest in riskless and risky investment opportunities at each point in time. The investment strategy yields a stream of capital over a planning horizon, with investment decisions made so that the distribution of wealth over time has desirable properties. An investment strategy which has generated considerable interest is the growth optimal or Kelly strategy, where the expected logarithm of wealth is maximized in each period. The wealth distribution of this strategy has many attractive characteristics (see, e.g. Hakansson, 1970 Hakansson, , 1971 and Markowitz, 1976) . As Breiman (1960 Breiman ( , 1961 , and Algeot and Cover (1988) have shown, the Kelly (1956) strategy maximizes the long run expected rate of growth of capital and minimizes the expected time to reach a fixed level of wealth for sufficiently large goals under mild conditions. Researchers such as Thorp (1975) , Hausch, Ziemba and Rubinstein (1981) , Hakansson (1986, 1987) , and Mulvey and Vladimirou (1992) have used the optimal growth strategy to compute optimal portfolio weights in multi-asset and worldwide asset allocation problems.
The stream of capital following from an investment policy can be viewed from either a wealth or time perspective. Thus the distribution of accumulated capital to a fixed point in time and the distribution of first passage time to a fixed level of accumulated capital are variables controlled by the investment decisions.
The Kelly strategy controls (optimizes) the expected values of those distributions.
However, the expected log strategy is very aggressive; this is seen because the Arrow-Pratt risk aversion index for the logarithm is the reciprocal of wealth which is essentially zero for typical wealth levels. As Hausch and Ziemba (1985) and Clark and Ziemba (1987) have demonstrated, the optimal portfolio weights in the risky assets given by this strategy tend to be so large for favorable investments that the chances of losing a substantial portion of wealth are very high, particularly if the probability estimates are in error.
A standard approach to controlling risk is to include the variance of the wealth or time distributions in the analysis. Mean-variance analysis of wealth has been widely used to determine investment strategies; see Markowitz, 1952 Markowitz, , 1987 In the time domain the mean-variance approach yields somewhat different strategies. However, the logarithm of wealth and first passage time have consistent mean-variance properties; see Burkhardt, 1998. An alternative to characterizing distributions with mean and variance is to use quantiles. MacLean, Ziemba, and Blazenko (1992) considered quantiles for wealth, log wealth and first passage time in identifying investment strategies which achieve capital growth with a required level of security. Growth can be traded for security with fractional Kelly strategies. In discrete time models with general return distributions this strategy is suboptimal but has attractive wealth/time distribution properties.
A limitation of this research is that the probability distributions for risky asset returns are fixed. In a more general setting the parameters of the return distribution are random. Browne and Whitt (1997) considered a random parameter model for a single risky asset. This flexible framework accommodates realistic asset prices and provides a mechanism for the dynamic learning of an asset price distribution; see Brennan, 1998. In this paper the passage time to specified wealth levels is analyzed in a dynamic stochastic model for wealth accumulation. The model is a generalization to the multi-asset case of the random coefficients model. With reference to the distribution of first passage time, a fractional Kelly investment strategy is developed which minimizes the expected time to a target level of wealth while maintaining a high probability of achieving the goal before falling to a subsistence level of wealth. The strategy is a blend of the risk free (cash) strategy and the optimal growth strategy based on the most current information on asset prices. This optimality of the fractional Kelly strategy is dependent upon the lognormality of the prices for risky assets and is not in general valid without this assumption.
-BAYESIAN ASSET PRICING MODEL
Consider an investor who allocates current wealth to various assets in a competitive capital market, where the trading of assets takes place continuously in time. If the trading price of asset i at time t is P i (t), then consider the logarithm of 
the conditional distribution of log returns at time t, given α and ∆, is
The mean α is assumed to be a random vector with prior distribution
where ( ) ( ), and ,...,
with ij γ the covariance between j i α α and . For the unconditional distribution of log returns the covariance is
In this model the correlation between assets is generated by the random means.
Based on the prior distribution (3) for α and the conditional distribution (2) for Y, the posterior distribution for α given the data Y(t) is
, and
The asset price structure has the following properties.
1.
Consider 
If
is the filtration from (2), then Y(t) can be represented as
; see Kallianpur, 1980 . The significance of the new representation for the dynamics of asset prices lies in the fact that the expected rate of return at time t is given by the posterior mean µ t . As the price process is observed over time, the posterior mean is revised. This has been interpreted in the single risky asset case as a learning process (Brennan, 1998) , with investment decisions at points in time depending upon knowledge.
3.
The drift in the stochastic differential equation (7) has the form ( ),
so the price dynamics exhibit a "reversion" to the longterm mean µ. This is an observed aspect of price behavior, particularly for commodities.
4.
The Bayesian framework for asset prices and the posterior mean in (5) lead naturally to empirical Bayes estimators for the rate of return; see Efron and Morris, 1972 and Weldon, 1996 . For example, assuming a common prior mean, the Stein estimator is
where t Y is the overall mean and S t is the covariance matrix for log returns. Grauer and Hakansson (1986) demonstrated the superior returns of the growth optimal strategy with Stein estimates for the asset prices.
When there exist m independent mutual funds with returns F′=(F 1 , …, F m ) so that Y = µ + Λ F +ε , then the covariance matrix can be factored. The factor analysis of S t yields estimates L for Λ and D for t∆.
With S* = LL′ + D, an alternative empirical Bayes estimator is
This latter estimator uses the correlation between assets to improve the estimates from maximum likelihood and Stein; see MacLean and
Weldon, 1996.
-CAPITAL ACCUMULATION
Capital is accumulated through asset investment. It is assumed that the buying and selling of assets takes place continuously in time with no transactions costs or taxes, assets are infinitely divisible, have limited liability, short selling is permitted, and borrowing and lending are allowed at the same rate.
In addition to the opportunity to invest in the risky assets, an individual can allocate capital to a risk free asset (cash) which has a known rate of return r, the same as the rate on borrowing and lending.
The focus of the analysis of capital accumulation will be the current investment decision. Given the history of asset prices and accumulated capital from past decisions, the investor allocates capital to the various investment 
The usual approach to evaluating an investment strategy is to consider accumulated capital or the log of accumulated capital. An alternative approach is to consider the time properties, for example the first passage time to particular wealth levels. The stochastic variables defining these outcomes are In Figure 1 wealth and time distributions are displayed. The functions f t and g w are the conditional densities for W t and T w , respectively. The distribution properties of all trajectories can be described either with g w for all w > 0 or f t for all t > t 0 .
Attention will be focused on T w and g w . Let 
Then the density g w is given by (Cox and Miller, 1970) ( ) 
The distribution in (15) is the basis for choosing an investment strategy X at time t 0 . For example, if M is a target wealth level then based on the history of asset prices (and posterior mean) an investment decision is taken so that wealth reaches the target in minimal time. This is analogous to setting a course for a destination based on current position. As more price information becomes available (change of position) then the posterior mean will be revised, the conditional distribution g M will change and a new strategy X will be adopted to control g M .
In addition to the distribution for first passage time ( ) 
-EFFICIENT STRATEGIES
At point t 0 in time, with accumulated capital and the history of asset prices, the investor allocates capital to investment opportunities so that performance is best by accepted criteria. The criteria used here are based upon the first passage time to specified wealth goals. If ( ) for every t with strict inequality for some value t*. The implication is that a better investment strategy achieves specified capital accumulation levels in less time.
Working with the full distribution is difficult, so consider the relaxed concept of growth-security dominance: 
It is straightforward from (17) and (18) to write S(X) = h(V(X)) and show that h is monotone decreasing. So growth-security dominance and mean-variance dominance are equivalent. The preference here is for the security measure based on the probability of reaching a wealth goal before falling to subsistence.
imply that the optimal X* satisfies the linear system ( ) The other parts of the proposition follow in the same way using simple calculus.
-FINAL REMARKS
This paper considers a multi-asset investment problem where the distribution of asset prices has random parameters. The criteria for assessing investment strategies is the first passage time to specified wealth goals. The optimal (efficient) strategy is based on the growth optimal (Kelly) strategy. In particular, the investor optimally blends the Kelly portfolio with cash (fractional Kelly) to obtain a required level of security.
The fractional Kelly strategy is also optimal from a wealth perspective. That is, if the investor's objective is to maximize the median accumulated capital (wealth) to the time horizon t, subject to the probability γ that wealth at time t exceeds a wealth goal, then the optimal strategy is fractional Kelly. This result depends upon the assumption of lognormality of asset returns.
The Kelly strategy and the fractional Kelly strategy at a point in time are determined by the posterior mean of the random rate of return on assets, given the history of asset prices to date. As future prices are realized the posterior means are revised generating a new Bayes investment strategy.
In practice the parameters in the Bayes model for asset prices may be estimated using empirical Bayes methods. Some common empirical Bayes estimators have been displayed.
